Mathematics Years 7–10 Syllabus

9.5 
Measurement

Measurement involves the application of number and geometry understandings and skills when quantifying and solving problems in practical situations. Students need to make reasonable estimates for quantities, be familiar with the most commonly used units for length, area, volume and capacity, and be able to convert between these units. They should develop an idea of the levels of accuracy that are appropriate to particular situations. Competence in applying Pythagoras’ theorem to solve practical problems is developed in Stage 4 and applied throughout the topics in Measurement.

While students will develop formulae for the perimeter, area and volume of common shapes, some formulae are not easily derived. In this situation students will need to choose the appropriate formulae and apply them correctly. Application of perimeter, area, surface area and volume skills is extended from simple composite figures in Stage 4 to complex figures by the end of Stage 5.3. 

Right-angled triangle trigonometry is introduced in Stage 5.1, with diagrams given, to help students solve practical problems. Emphasis should be on students developing awareness that in right-angled triangles the ratio of sides for a particular angle is constant. Real life applications of trigonometry should be highlighted eg building construction and navigation. Angles of elevation and depression, three-figure bearings and the sixteen compass points (eg NNE) are used in practical problems.

Trigonometry for obtuse angles is introduced in Stage 5.3. Students are not expected to reproduce proofs of the sine, cosine and area rules but these should be done with the students if appropriate.

The Measurement strand for Stages 2 and 3 is organised into five substrands that each focus on a particular attribute:

· Length

· Area 

· Volume and Capacity

· Mass

· Time.

This section presents the outcomes, key ideas, knowledge and skills, and Working Mathematically statements from Stages 2 and 3 in each substrand. The Stage 4 content is presented in the topics Perimeter and Area, Surface Area and Volume, and Time. The content for Stage 5.1 is represented in the topics Perimeter and Area, and Trigonometry. Stage 5.2 builds on each of these topics as well as Surface Area and Volume. Stage 5.3 builds further on the topics Surface Area and Volume, and Trigonometry.

Summary of Measurement Outcomes for Stages 2 to 5 with page references

Length

MS2.1
Estimates, measures, compares and records lengths, distances and perimeters in metres, centimetres and millimetres (p 120)

MS3.1
Selects and uses the appropriate unit and device to measure lengths, distances and perimeters 
(p 121)

Area

MS2.2
Estimates, measures, compares and records the areas of surfaces in square centimetres and square metres (p 122)

MS3.2
Selects and uses the appropriate unit to calculate area, including the area of squares, rectangles and triangles (p 123)

Perimeter and Area

MS4.1
Uses formulae and Pythagoras’ theorem in calculating perimeter and area of circles and figures composed of rectangles and triangles (p 124)

MS5.1.1
Uses formulae to calculate the area of quadrilaterals and finds areas and perimeters of simple composite figures (p 126)

MS5.2.1
Finds areas and perimeters of composite figures (p 127)

Volume and Capacity

MS2.3
Estimates, measures, compares and records volumes and capacities using litres, millilitres and cubic centimetres (p 128)

MS3.3
Selects and uses the appropriate unit to estimate and measure volume and capacity, including the volume of rectangular prisms (p 130)

Surface Area and Volume

MS4.2
Calculates surface area of rectangular and triangular prisms and volume of right prisms and cylinders (p 131)

MS5.2.2
Applies formulae to find the surface area of right cylinders and volume of right pyramids, cones and spheres and calculates the surface area and volume of composite solids (p 132)

MS5.3.1
Applies formulae to find the surface area of pyramids, right cones and spheres (p 133)

Mass

MS2.4
Estimates, measures, compares and records masses using kilograms and grams (p 134)

MS3.4
Selects and uses the appropriate unit and measuring device to find the mass of objects (p 135)

Time

MS2.5
Reads and records time in one-minute intervals and makes comparisons between time units
(p 136)

MS3.5
Uses twenty-four hour time and am and pm notation in real-life situations and constructs timelines (p 137)

MS4.3
Performs calculations of time that involve mixed units (p 138)

Trigonometry

MS5.1.2
Applies trigonometry to solve problems (diagrams given) including those involving angles of elevation and depression (p 139)

MS5.2.3
Applies trigonometry to solve problems including those involving bearings (p 140)

§MS5.3.2
Applies trigonometric relationships, sine rule, cosine rule and area rule in problem solving (p 141)

(§ recommended topics for students who are following the 5.2 pathway but intend to study the Stage 6 Mathematics course)

	Length
	Stage 2

	MS2.1
	Key Ideas

	Estimates, measures, compares and records lengths, distances and perimeters in metres, centimetres and millimetres
	Estimate, measure, compare and record lengths and distances using metres, centimetres and/or millimetres

Estimate and measure the perimeter of two-dimensional shapes

Convert between metres and centimetres, and centimetres and millimetres

Record lengths and distances using decimal notation to two places

	Knowledge and Skills

Students learn about

describing one centimetre as one hundredth of a metre

estimating, measuring and comparing lengths or distances using metres and centimetres

recording lengths or distances using metres and centimetres eg 1 m 25 cm

recognising the need for a smaller unit than the centimetre

estimating, measuring and comparing lengths or distances using millimetres

recognising that ten millimetres equal one centimetre and describing one millimetre as one tenth of a centimetre 

using the abbreviation for millimetre (mm) 

recording lengths or distances using centimetres and millimetres eg 5 cm 3 mm 

converting between metres and centimetres, and centimetres and millimetres 

recording lengths or distances using decimal notation to two decimal places eg 1.25 m 

recognising the features of an object associated with length, that can be measured eg length, breadth, height, perimeter

using the term ‘perimeter’ to describe the total distance around a shape 

estimating and measuring the perimeter of two-dimensional shapes

using a tape measure, ruler or trundle wheel to measure lengths or distances
	Working Mathematically

Students learn to

describe how a length or distance was measured (Communicating)
explain strategies used to estimate lengths or distances 
eg by referring to a known length 
(Communicating, Reflecting)
select and use an appropriate device to measure lengths or distances (Applying Strategies)
question and explain why two students may obtain different measures for the same length, distance or perimeter (Questioning, Communicating, Reasoning)
explain the relationship between the size of a unit and the number of units needed eg more centimetres than metres will be needed to measure the same length 
(Communicating, Reflecting)

	Background Information
	

	At this Stage, measurement experiences enable students to:

· develop an understanding of the size of the metre, centimetre and millimetre

· estimate and measure using these units, and

· select the appropriate unit and measuring device.
	

	Language
	

	‘Perimeter’ comes from the Greek words that mean to measure around the outside.
	

	Length
	Stage 3

	MS3.1
	Key Ideas

	Selects and uses the appropriate unit and device to measure lengths, distances and perimeters
	Select and use the appropriate unit and device to measure lengths, distances and perimeters

Convert between metres and kilometres; millimetres, centimetres and metres

Record lengths and distances using decimal notation to three places

Calculate and compare perimeters of squares, rectangles and equilateral and isosceles triangles

	Knowledge and Skills

Students learn about

recognising the need for a unit longer than the metre for measuring distance 

recognising that one thousand metres equal one kilometre and describing one metre as one thousandth of a kilometre

measuring a kilometre and half-kilometre

using the abbreviation for kilometre (km) 

converting between metres and kilometres

measuring and recording lengths or distances using combinations of millimetres, centimetres, metres and kilometres

converting between millimetres, centimetres and metres to compare lengths or distances 

recording lengths or distances using decimal notation to three decimal places eg 2.753 km

selecting and using the appropriate unit and device to measure lengths or distances 

interpreting symbols used to record speed in kilometres per hour eg 80 km/h

finding the perimeter of a large area 
eg the school grounds

calculating and comparing perimeters of squares, rectangles and triangles 
finding the relationship between the lengths of the sides and the perimeter for squares, rectangles and equilateral and isosceles triangles
	Working Mathematically

Students learn to

describe how a length or distance was estimated and measured (Communicating)
explain the relationship between the size of a unit and the number of units needed eg more metres than kilometres will be needed to measure the same distance 
(Communicating, Reflecting)
question and explain why two students may obtain different measures for the same length 
(Questioning, Communicating, Reasoning)
interpret scales on maps and diagrams to calculate distances (Applying Strategies, Communicating)
solve problems involving different units of length 
eg Find the total length of three items measuring 5 mm, 20 cm and 1.2 m. (Applying Strategies)
explain that the perimeters of squares, rectangles and triangles can be found by finding the sum of the side lengths (Communicating, Reasoning)
solve simple problems involving speed eg How long would it take to make a journey of 600 km if the average speed for the trip is 75 km/h? 
(Applying Strategies)

	Background Information
	

	When the students are able to measure efficiently and effectively using formal units, they should be encouraged to apply their knowledge and skills in a variety of contexts.
	Following this they should be encouraged to generalise their method for calculating the perimeter of squares, rectangles and triangles.

	Language
	

	‘Perimeter’ comes from the Greek words that mean to measure around the outside.
	

	Area
	Stage 2

	MS2.2
	Key Ideas

	Estimates, measures, compares and records the areas of surfaces in square centimetres and square metres
	Recognise the need for square centimetres and square metres to measure area

Estimate, measure, compare and record areas in square centimetres and square metres

	Knowledge and Skills

Students learn about

recognising the need for the square centimetre as a formal unit for measuring area 

using a 10 cm ( 10 cm tile (or grid) to find areas that are less than, greater than or about the same as 100 square centimetres

estimating, measuring and comparing areas in square centimetres 

measuring a variety of surfaces using a square centimetre grid overlay

recording area in square centimetres 
eg 55 square centimetres

recognising the need for a unit larger than a square centimetre

constructing a square metre

estimating, measuring and comparing areas in square metres 

recording area in square metres eg 5 square metres

using the abbreviations for square metre (m2) and square centimetre (cm2)
	Working Mathematically

Students learn to

question why two students may obtain different measurements for the same area (Questioning)
discuss and compare areas using some mathematical terms (Communicating)
discuss strategies used to estimate area in square centimetres or square metres eg visualising repeated units (Communicating, Reflecting)
apply strategies for measuring the areas of a variety of shapes (Applying Strategies) 

use efficient strategies for counting large numbers of square centimetres eg using strips of ten or squares of 100 (Applying Strategies)
explain where square metres are used for measuring in everyday situations eg floor coverings 
(Communicating, Reflecting)
recognise areas that are ‘smaller than’, ‘about the same as’ and ‘bigger than’ a square metre 
(Applying Strategies) 

	Background Information
	

	At this Stage, students should appreciate that a formal unit allows for easier and more accurate communication of area measures. 

Measurement experiences should enable students to develop an understanding of the size of units, select the appropriate unit, and estimate and measure using the unit.
	An important understanding at this Stage is that an area of one square metre need not be a square. It could, for example, be a rectangle, two metres long and half a metre wide.

	Language
	

	The abbreviation m² is read ‘square metre(s)’ and not ‘metre squared’ or ‘metre square’.
	The abbreviation cm² is read ‘square centimetre(s)’ and not ‘centimetre squared’ or ‘centimetre square’.

	Area
	Stage 3

	MS3.2
	Key Ideas

	Selects and uses the appropriate unit to calculate area, including the area of squares, rectangles and triangles
	Select and use the appropriate unit to calculate area

Recognise the need for square kilometres and hectares

Develop formulae in words for finding area of squares, rectangles and triangles

	Knowledge and Skills

Students learn about

recognising the need for a unit larger than the square metre

identifying situations where square kilometres are used for measuring area eg a suburb

recognising and explaining the need for a more convenient unit than the square kilometre

measuring an area in hectares eg the local park

using the abbreviations for square kilometre (km2) and hectare (ha)

recognising that one hectare is equal to 10 000 square metres 

selecting the appropriate unit to calculate area

finding the relationship between the length, breadth and area of squares and rectangles

finding the relationship between the base, perpendicular height and area of triangles

reading and interpreting scales on maps and simple scale drawings to calculate an area
finding the surface area of rectangular prisms by using a square centimetre grid overlay or by counting unit squares
	Working Mathematically

Students learn to

apply measurement skills to everyday situations 
eg determining the area of the basketball court 
(Applying Strategies)
use the terms ‘length’, ‘breadth’, ‘width’ and ‘depth’ appropriately (Communicating, Reflecting)
extend mathematical tasks by asking questions 
eg ‘If I change the dimensions of a rectangle but keep the perimeter the same, will the area change?’ (Questioning)
interpret measurements on simple plans (Communicating)
investigate the areas of rectangles that have the same perimeter (Applying Strategies) 
explain that the area of rectangles can be found by multiplying the length by the breadth (Communicating, Reasoning)
explain that the area of squares can be found by squaring the side length (Communicating, Reasoning)
equate 1 hectare to the area of a square with side 100 m (Reflecting)

	Background Information
	

	It is important at this Stage that students establish a real reference for the square kilometre and hectare eg locating a square kilometre or hectare area on a local map.

When the students are able to measure efficiently and effectively using formal units, they should be encouraged to apply their knowledge and skills in a variety of contexts. 
	Students could be encouraged to find more efficient ways of counting such as finding how many squares in one row and multiplying this by the number of rows.

Students should then begin to generalise their methods to calculate the area of rectangles and triangles. At this Stage, the formulae are described in words and not symbols.


	Perimeter and Area
	Stage 4

	MS4.1
	Key Ideas

	Uses formulae and Pythagoras’ theorem in calculating perimeter and area of circles and figures composed of rectangles and triangles
	Describe the limits of accuracy of measuring instruments

Develop formulae and use to find the area and perimeter of triangles, rectangles and parallelograms

Find the areas of simple composite figures

Apply Pythagoras’ theorem

Investigate and find the area and circumference of circles

Convert between metric units of length and area

	Knowledge and Skills

Students learn about

Length and Perimeter

estimating lengths and distances using visualisation strategies 

recognising that all measurements are approximate

describing the limits of accuracy of measuring instruments (
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0.5 unit of measurement)

interpreting the meaning of the prefixes ‘milli’, ‘centi’ and ‘kilo’

converting between metric units of length 

finding the perimeter of simple composite figures

Pythagoras’ Theorem
identifying the hypotenuse as the longest side in any right-angled triangle and also as the side opposite the right angle

establishing the relationship between the lengths of the sides of a right-angled triangle in practical ways, including the dissection of areas

using Pythagoras’ theorem to find the length of sides in right-angled triangles 

solving problems involving Pythagoras’ theorem, giving an exact answer as a surd (eg
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) and approximating the answer using an approximation of the square root

writing answers to a specified or sensible level of accuracy, using the ‘approximately equals’ sign 
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identifying a Pythagorean triad as a set of three numbers such that the sum of the squares of the first two equals the square of the third

using the converse of  Pythagoras’ theorem to establish whether a triangle has a right angle

Areas of Squares, Rectangles, Triangles and Parallelograms

developing and using formulae for the area of a square and rectangle

developing (by forming a rectangle) and using the formula for the area of a triangle 

finding the areas of simple composite figures that may be dissected into rectangles and triangles
	Working Mathematically

Students learn to

consider the degree of accuracy needed when making measurements in practical situations 
(Applying Strategies)
choose appropriate units of measurement based on the required degree of accuracy (Applying Strategies)
make reasonable estimates for length and area and check by measuring (Applying Strategies)
select and use appropriate devices to measure lengths and distances (Applying Strategies)
discuss why measurements are never exact (Communicating, Reasoning)
describe the relationship between the sides of a right-angled triangle (Communicating)

use Pythagoras’ theorem to solve practical problems involving right-angled triangles (Applying Strategies)
apply Pythagoras’ theorem to solve problems involving perimeter and area (Applying Strategies)
identify the perpendicular height of triangles and parallelograms in different orientations (Communicating)
find the dimensions of a square given its perimeter, and of a rectangle given its perimeter and one side length (Applying Strategies)
solve problems relating to perimeter, area and circumference (Applying Strategies)
compare rectangles with the same area and ask questions related to their perimeter such as whether they have the same perimeter 
(Questioning, Applying Strategies, Reasoning)
compare various shapes with the same perimeter and ask questions related to their area such as whether they have the same area (Questioning) 
explain the relationship that multiplying, dividing, squaring and factoring have with the areas of squares and rectangles with integer side lengths (Reflecting)
use mental strategies to estimate the circumference of circles, using an approximate value of ( eg 3 
(Applying Strategies)



	Perimeter and Area (continued)
	Stage 4

	developing the formula by practical means for finding the area of a parallelogram eg by forming a rectangle using cutting and folding techniques

converting between metric units of area 
1 cm2 = 100 mm2 , 1 m2 = 1 000 000 mm2 ,                    1 ha = 10 000 m2, 1 km2 = 1 000 000 m2  = 100 ha  

Circumferences and Areas of Circles

demonstrating by practical means that the ratio of the circumference to the diameter of a circle is constant 
eg by measuring and comparing the diameter and circumference of cylinders
defining the number π as the ratio of the circumference to the diameter of any circle
developing, from the definition of π, formulae to calculate the circumference of circles in terms of the radius r or diameter d
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developing by dissection and using the formula to calculate the area of circles  
[image: image6.wmf]2

r

A

p

=


	find the area and perimeter of quadrants and semi-circles (Applying Strategies)
find radii of circles given their circumference or area (Applying Strategies)
solve problems involving
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, giving an exact answer in terms of ( and an approximate answer using 
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, 3.14 or a calculator’s approximation for
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(Applying Strategies)
compare the perimeter of a regular hexagon inscribed in a circle with the circle’s circumference to demonstrate that ( > 3 (Reasoning)



	Background Information
	

	This topic links with substitution into formulae in Patterns and Algebra and rounding in Number.

Area and perimeter of quadrants and semicircles is linked with work on fractions. 

Graphing of the relationship between a constant perimeter and possible areas of a rectangle is linked with Patterns and Algebra.

Finding the areas of rectangles and squares with integer side lengths is an important link between geometry and multiplication, division, factoring and squares. Factoring a number into the product of two numbers is equivalent to forming a rectangle with these side lengths, and squaring is equivalent to forming a square. Finding perimeters is in turn linked with addition and subtraction.

Students use measurement regularly in Science eg reading thermometers, using measuring cylinders, etc. 

Students should develop a sense of the levels of accuracy that are appropriate to a particular situation eg the length of a bridge may be measured in metres to estimate a quantity of paint needed but would need to be measured far more accurately for engineering work. 

Area formulae for the triangle and parallelogram need to be developed by practical means and related to the area of a rectangle. The rhombus is treated as a parallelogram and the area found using the formula A = bh. 

Students should gain an understanding of Pythagoras’ theorem, rather than just being able to recite the formula in words. By dissecting and rearranging the squares, they will appreciate that the theorem is a statement of a relationship amongst the areas of squares. 

Pythagoras’ theorem becomes, in Stage 5, the formula for the circle in the coordinate plane. These links can be developed later in the context of circle geometry and the trigonometry of the general angle.
	The number ( is known to be irrational (not a fraction) and also transcendental (not the solution of any polynomial equation with integer coefficients). At this Stage, students only need to know that the digits in its decimal expansion do not repeat (all this means is that it is not a fraction), and in fact have no known pattern.

The formula for area of a circle may be established by using one or both of the following dissections:

· cut the circle into a large number of sectors, and arrange them alternately point-up and point-down to form a rectangle with height r and base length
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· inscribe a number of congruent triangles in a circle, all with vertex at the centre and show that the area of the inscribed polygon is half the length of perimeter times the perpendicular height

· dissect the circle into a large number of concentric rings, cut the circle along a radius, and open it out to form a triangle with height
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and base 
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Pythagoras’ theorem was probably known many centuries before Pythagoras (c 580-c 500 BC), to at least the Babylonians. 

In the 1990s, Wiles finally proved a famous conjecture of Fermat (1601-1665), known as ‘Fermat’s last theorem’, that says that if n is an integer greater than 2, then 
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 has no integer solution.

The Greek writer, Heron, is best known for his formula for the area of a triangle: 
[image: image14.wmf]c)

b)(s

a)(s

s(s

A

-

-

-

=

 where a, b and c are the lengths of the sides of the triangle and s is half the perimeter of the triangle.

Pi (() is the Greek letter equivalent to ‘p’, and is the first letter of the Greek word ‘perimetron’ meaning perimeter. In 1737, Euler used the symbol for pi for the ratio of the circumference to the diameter of a circle.

One of the three famous problems left unsolved by the ancient Greek mathematicians was the problem of ‘squaring the circle’ ie using straight edge and compasses to construct a square of area equal to a given circle.

	Perimeter and Area
	Stage 5.1

	MS5.1.1
	Key Ideas

	Uses formulae to calculate the area of quadrilaterals and finds areas and perimeters of simple composite figures
	Develop formulae and use to find the area of rhombuses, trapeziums and kites

Find the area and perimeter of simple composite figures consisting of two shapes including quadrants and semicircles

	Knowledge and Skills

Students learn about

· developing and using formulae to find the area of quadrilaterals: 

-
for a kite or rhombus, Area
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x and y are the lengths of the diagonals;

-
for a trapezium, Area
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 where

h is the perpendicular height and a and b the lengths of the parallel sides

· calculating the area of simple composite figures consisting of two shapes including quadrants and semicircles

· calculating the perimeter of simple composite figures consisting of two shapes including quadrants and semicircles

	Working Mathematically

Students learn to

· identify the perpendicular height of a trapezium in different orientations (Communicating)
· select and use the appropriate formula to calculate the area of a quadrilateral (Applying Strategies)
· dissect composite shapes into simpler shapes 
(Applying Strategies) 

· solve practical problems involving area of quadrilaterals and simple composite figures (Applying Strategies)

	Background Information
	

	The formula for finding the area of a rhombus or kite depends upon the fact that the diagonals are perpendicular, and so is linked with the geometry of special quadrilaterals. The formula applies to any quadrilateral in which the diagonals are perpendicular.
	The use of formulae links this material with substitution in algebra.

Some practical problems arising from this material are important in consumer arithmetic.

In Geography, students estimate the area of a feature on a map.

	Perimeter and Area
	Stage 5.2

	MS5.2.1
	Key Ideas

	Finds areas and perimeters of composite figures
	Find area and perimeter of more complex composite figures

	Knowledge and Skills

Students learn about

· calculating the area and perimeter of sectors

· calculating the perimeter and area of composite figures by dissection into triangles, special quadrilaterals, semicircles and sectors
	Working Mathematically

Students learn to

· solve problems involving perimeter and area of composite shapes (Applying Strategies)
· calculate the area of an annulus (Applying Strategies)

· apply formulae and properties of geometrical shapes to find perimeters and areas eg find the perimeter of a rhombus given the lengths of the diagonals 
(Applying Strategies)
· identify different possible dissections for a given composite figure and select an appropriate dissection to facilitate calculation of the area 
(Applying Strategies, Reasoning) 

	Background Information
	

	The dissection of composite figures into special quadrilaterals and triangles links with the work on the properties of special shapes in the Space and Geometry strand.

The use of formulae links this material with substitution in algebra.
	Some practical problems arising from this material are important in consumer arithmetic.

The area and perimeter of sectors of circles link this material with ratio and fractions.

	Volume and Capacity
	Stage 2

	MS2.3 - Unit 1 (litres and cubic centimetres)
	Key Ideas

	Estimates, measures, compares and records volumes and capacities using litres, millilitres and cubic centimetres
	Recognise the need for a formal unit to measure volume and capacity

Estimate, measure, compare and record volumes and capacities using litres 

Measure the volume of models in cubic centimetres

	Knowledge and Skills

Students learn about

recognising the need for a formal unit to measure volume and capacity

estimating, measuring and comparing volumes and capacities (to the nearest litre)

using the abbreviation for litre (L)

recognising the advantages of using a cube as a unit when packing or stacking

using the cubic centimetre as a formal unit for measuring volume

using the abbreviation for cubic centimetre (cm3)

constructing three-dimensional objects using cubic centimetre blocks and counting to determine volume

packing small containers with cubic centimetre blocks and describing packing in terms of layers eg ‘2 layers of 10 cubic centimetre blocks’
	Working Mathematically

Students learn to

explain the need for a standard unit to measure the volume of liquids and the capacity of containers (Communicating)
estimate the number of cups needed to fill a container with a capacity of one litre (Applying Strategies)
recognise that one litre containers can be a variety of shapes (Reflecting)
relate the litre to familiar everyday containers 
eg milk cartons (Reflecting)
interpret information about capacity and volume on commercial packaging (Communicating, Reflecting)
estimate the volume of a substance in a partially filled container from the information on the label detailing the contents of the container (Applying Strategies)
distinguish between mass and volume eg ‘This stone is heavier than the ball but it takes up less room.’ (Reflecting)

	Background Information
	

	At this Stage, students should appreciate that a formal unit allows for easier and more accurate communication of measures and are introduced to the litre, cubic centimetre and millilitre. 

Measurement experiences should enable students to develop an understanding of the size of the unit, estimate and measure using the unit, and select the appropriate unit and measuring device.
	Fluids are commonly measured in litres and millilitres. Hence the capacities of containers used to hold fluids are usually measured in litres and millilitres eg a litre of milk will fill a container whose capacity is 1 litre.

The cubic centimetre can be introduced and related to the centimetre as a unit to measure length and the square centimetre as a unit to measure area. 

	Language
	

	The abbreviation cm³ is read ‘cubic centimetre(s)’ and not ‘centimetre cubed’.
	

	Volume and Capacity
	Stage 2

	MS2.3 - Unit 2 (millilitres and displacement)
	Key Ideas

	Estimates, measures, compares and records volumes and capacities using litres, millilitres and cubic centimetres
	Estimate, measure, compare and record volumes and capacities using litres and millilitres 

Convert between litres and millilitres

	Knowledge and Skills

Students learn about

recognising the need for a unit smaller than the litre 

estimating, measuring and comparing volumes and capacities using millilitres

making a measuring device calibrated in multiples of 100 millilitres 

using a measuring device calibrated in millilitres 
eg medicine glass, measuring cylinder

using the abbreviation for millilitre (mL)

recognising that 1000 millilitres equal one litre 

converting between millilitres and litres 
eg 1250 mL = 1 litre 250 millilitres

comparing the volumes of two or more objects by marking the change in water level when each is submerged in a container

measuring the overflow in millilitres when different objects are submerged in a container filled to the brim with water
	Working Mathematically

Students learn to

explain the need for a standard unit to measure the volume of liquids and the capacity of containers (Communicating)
estimate and measure quantities to the nearest 100 mL and/or to the nearest 10 mL (Applying Strategies)
interpret information about capacity and volume on commercial packaging (Communicating, Reflecting)
estimate the volume of a substance in a partially filled container from the information on the label detailing the contents of the container (Applying Strategies)
relate the millilitre to familiar everyday containers and familiar informal units eg 1 teaspoon is approximately 
5 mL, 250 mL fruit juice containers (Reflecting)
estimate the change in water level expected when an object is submerged (Applying Strategies)

	Background Information
	

	The displacement strategy for finding the volume of an object relies on the fact that an object displaces its own volume when it is totally submerged in a liquid. 
	The strategy may be applied in two ways

· using a partially filled, calibrated, clear container and noting the change in the level of the liquid when the object is submerged, or

· submerging an object into a container filled to the brim with liquid and measuring the overflow.

	Language
	

	The abbreviation cm³ is read ‘cubic centimetre(s)’ and not ‘centimetres cubed’.
	

	Volume and Capacity
	Stage 3

	MS3.3
	Key Ideas

	Selects and uses the appropriate unit to estimate and measure volume and capacity, including the volume of rectangular prisms 
	Recognise the need for cubic metres

Estimate and measure the volume of rectangular prisms

Select the appropriate unit to measure volume and capacity

Determine the relationship between cubic centimetres and millilitres

Record volume and capacity using decimal notation to three decimal places

	Knowledge and Skills

Students learn about

constructing rectangular prisms using cubic centimetre blocks and counting to determine volume

estimating then measuring the capacity of rectangular containers by packing with cubic centimetre blocks

recognising the need for a unit larger than the cubic centimetre

using the cubic metre as a formal unit for measuring larger volumes

using the abbreviation for cubic metre (m3)

estimating the size of a cubic metre, half a cubic metre and two cubic metres

selecting the appropriate unit to measure volume and capacity

using repeated addition to find the volume of rectangular prisms

finding the relationship between the length, breadth, height and volume of rectangular prisms

calculating the volume of rectangular prisms

demonstrating that a cube of side 10 cm will displace 

    1 L of water 

demonstrating, by using a medicine cup, that a cube of side 1 cm will displace 1 mL of water 

equating 1 cubic centimetre to 1 millilitre and 1000 cubic centimetres to 1 litre 

finding the volume of irregular solids in cubic centimetres using a displacement strategy

recording volume and capacity using decimal notation to three decimal places eg 1.275 L
	Working Mathematically

Students learn to

explain the advantages of using a cube as a unit to measure volume (Communicating, Reasoning)
explain that objects with the same volume may have different shapes (Communicating, Reflecting) 

construct different rectangular prisms that have the same volume (Applying Strategies)
recognise that an object that displaces 300 mL of water has a volume of 300 cubic centimetres (Reflecting)
explain why volume is measured in cubic metres in certain situations eg wood bark, concrete (Communicating, Reasoning) 

estimate the number of cubic metres in a variety of objects such as a cupboard, a car, a bus, the classroom 
(Applying Strategies)
explain that the volume of rectangular prisms can be found by finding the number of cubes in one layer and multiplying by the number of layers
(Applying Strategies, Reflecting)

	Background Information
	

	Volume refers to the space occupied by an object or substance. Capacity refers to the amount a container can hold. Capacity is only used in relation to containers. 
It is not necessary to refer to these definitions with students.

When the students are able to measure efficiently and effectively using formal units, they could use centimetre cubes to construct rectangular prisms, counting the number of cubes to determine 
	volume and then begin to generalise their method for calculating the volume. 

The cubic metre can be introduced and related to the metre as a unit to measure length and the square metre as a unit to measure area. It is important that students are given opportunities to reflect on their understanding of length and area so they can use this to calculate volume.

	Language
	

	The abbreviation m3 is read ‘cubic metre(s)’ and not ‘metres cubed’.
	


	Surface Area and Volume
	Stage 4

	MS4.2
	Key Ideas

	Calculates surface area of rectangular and triangular prisms and volume of right prisms and cylinders
	Find the surface area of rectangular and triangular prisms

Find the volume of right prisms and cylinders

Convert between metric units of volume

	Knowledge and Skills

Students learn about

Surface Area of Prisms

· identifying the surface area and edge lengths of rectangular and triangular prisms

· finding the surface area of rectangular and triangular prisms by practical means eg from a net 

· calculating the surface area of rectangular and triangular prisms

Volume of Prisms

· converting between units of volume

1 cm3 = 1000 mm3, 1L = 1000 mL = 1000 cm3, 

1 m3 = 1000 L = 1 kL

· using the kilolitre as a unit in measuring large volumes

· constructing and drawing various prisms from a given cross-sectional diagram

· identifying and drawing the cross-section of a prism 

· developing the formula for volume of prisms by considering the number and volume of layers of identical shape
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· calculating the volume of a prism given its perpendicular height and the area of its cross-section

· calculating the volume of prisms with cross-sections that are rectangular and triangular

· calculating the volume of prisms with cross-sections that are simple composite figures that may be dissected into rectangles and triangles

Volume of Cylinders

· developing and using the formula to find the volume of cylinders (r is the length of the radius of the base and h is the perpendicular height)  
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	Working Mathematically

Students learn to

solve problems involving surface area of rectangular and triangular prisms (Applying Strategies)
solve problems involving volume and capacity of right prisms and cylinders (Applying Strategies)
recognise, giving examples, that prisms with the same volume may have different surface areas, and prisms with the same surface area may have different volumes
(Reasoning, Applying Strategies)



	Background Information
	

	This outcome is linked with the properties of solids treated in the Space and Geometry strand. It is important that students can visualise rectangular and triangular prisms in different orientations before they find the surface area or volume. They should be able to sketch other views of the object.

The volumes of rectangular prisms and cubes are linked with multiplication, division, factorisation and powers. Factoring a number into the product of three numbers is equivalent to forming a rectangular prism with these side lengths, and to forming a cube if the numbers are all equal. Some students may be interested in knowing what fourth and higher powers, and the 
	product of four or more numbers, correspond to.

When developing the volume formula students require an understanding of the idea of cross-section and can visualise, for example, stacking unit cubes layer by layer into a rectangular prism, or stacking planks into a pile.

The focus here is on right prisms and cylinders, although the formulae for volume also apply to oblique prisms and cylinders provided the perpendicular height is used. Refer to the Background Information in SGS4.1 Properties of Solids (p 148) for definitions of right and oblique prisms and cylinders.


	Surface Area and Volume
	Stage 5.2

	MS5.2.2
	Key Ideas

	Applies formulae to find the surface area of right cylinders and volume of right pyramids, cones and spheres and calculates the surface area and volume of composite solids
	Find surface area of right cylinders and composite solids

Find the volume of right pyramids, cones, spheres and composite solids

	Knowledge and Skills

Students learn about

Surface Area of Right Cylinders

· developing a formula to find the surface area of right cylinders 
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for closed cylinders
where r is the length of the radius and h is the perpendicular height

· finding the surface area of right cylinders

· calculating the surface area of composite solids involving right cylinders and prisms

Volume of Right Pyramids, Cones and Spheres
· using the fact that a pyramid has one-third the volume of a prism with the same base and the same perpendicular height

· using the fact that a cone has one-third the volume of a cylinder with the same base and the same perpendicular height

· using the formula 
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 to find the volume of pyramids and cones where A is the base area and h is the perpendicular height

· using the formula 
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to find the volume of spheres where r is the length of the radius 

· finding the dimensions of solids given their volume and/or surface area by substitution into a formula to generate an equation

· finding the volume of prisms whose bases can be dissected into triangles, special quadrilaterals and sectors

· finding the volume of composite solids
	Working Mathematically

Students learn to

· solve problems relating to volumes of right pyramids, cones and spheres (Applying Strategies)

· dissect composite solids into several simpler solids to find volume (Applying Strategies)
· solve practical problems related to volume and capacity eg find the volume of a swimming pool with a given rectangular surface and a given trapezoidal side (Applying Strategies)
· solve practical problems related to surface area eg compare the amount of packaging material needed for different shapes (Applying Strategies)

	Background Information
	

	This work requires a sound understanding of the work in geometry with pyramids, prisms, cones and cylinders.

The use of formulae links this material with substitution into formulae developed in the Patterns and Algebra strand.

Some practical problems arising from this material are important in consumer arithmetic.

The formulae for the volume of solids mentioned here depend only on the perpendicular height and apply equally well to the oblique case. The volume of oblique solids may be included as an extension for some students.

A more systematic development of the volume formulae for spheres, cones and pyramids can be given after integration is developed in Stage 6 (where the factor 
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3).
	At this Stage, the relationship could be demonstrated by practical means eg  filling a pyramid with sand and pouring into a prism with the same base and perpendicular height and repeating until the prism is filled.  

Some students may undertake the following exercise: visualise a cube of side length 2a dissected into six congruent pyramids with a common vertex at the centre of the cube, and hence prove that each of these pyramids has volume 
[image: image26.wmf]3

4

a3, which is 
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 of the enclosing rectangular prism.

The problem of finding the edge length of a cube that has twice the volume of another cube is called ‘the duplication of the cube’, and is one of three famous problems left unsolved by the ancient Greeks. It was proved in the 19th century that this cannot be done with straight edge and compasses, essentially because the cube root of 2 cannot be constructed on the number line.

	Surface Area and Volume
	Stage 5.3

	MS5.3.1
	Key Ideas

	Applies formulae to find the surface area of pyramids, right cones and spheres
	Apply formulae for the surface area of pyramids, right cones and spheres

Explore and use similarity relationships for area and volume

	Knowledge and Skills

Students learn about

Surface Area of Pyramids, Right Cones and Spheres

· identifying the perpendicular and slant height of pyramids and right cones

· using Pythagoras’ theorem to find slant height, base length or perpendicular height of pyramids and right cones

· devising and using methods to calculate the surface area of pyramids

· developing and using the formula to calculate the surface area of cones 
Curved surface area of a cone = 
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    where r is the length of the radius and l is the slant height

· using the formula to calculate the surface area of spheres 

Surface area of a sphere = 
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where r is the length of the radius

· finding the dimensions of solids given their surface area by substitution into a formula to generate an equation

Similarity, Areas and Volumes

· establishing and applying the fact that in two similar figures with similarity ratio 1: k
-  matching angles have the same size

-  matching intervals are in the ratio 1: k
-  matching areas are in the ratio 1: k2
-  matching volumes are in the ratio 1: k3
	Working Mathematically

Students learn to

· apply Pythagoras’ theorem to problems involving surface area (Applying Strategies)

· solve problems involving the surface area and volume of solids (Applying Strategies)
· find surface area of composite solids eg a cylinder with a hemisphere on top (Applying Strategies)
· solve problems involving the similarity ratio and areas and volumes (Applying Strategies)

	Background Information
	

	Pythagoras’ theorem is applied here to right-angled triangles in three-dimensional space.

The work here requires a sound knowledge of polyhedra covered in the Space and Geometry strand.

The results concerning ratios of matching areas and volumes in similar three-dimensional figures are linked with work on similar two-dimensional figures in the Space and Geometry strand (see page 156). There is also a link with PDHPE issues such as why babies dehydrate so quickly and why mice eat so much.
	The focus in this section is on right cones and right pyramids. Dealing with the oblique version of these objects is difficult and is mentioned only as a possible extension.

The area of the curved surface of a hemisphere is 2πr2 which is twice the area of its base. This may be a way of making the formula for the surface area of a sphere look reasonable to students. Deriving the relationship between the surface area and the volume of a sphere by dissection into infinitesimal pyramids may be an extension activity for some students. Similarly, some  students may investigate as an extension, the surface area of a sphere by projection of infinitesimal squares onto a circumscribed cylinder.


	Mass
	Stage 2

	MS2.4
	Key Ideas

	Estimates, measures, compares and records masses using kilograms and grams
	Recognise the need for a formal unit to measure mass

Estimate, measure, compare and record masses using kilograms and grams



	Knowledge and Skills

Students learn about

recognising the need for a formal unit to measure mass

using the kilogram as a unit to measure mass

using hefting to identify objects that are ‘more than’, ‘less than’ and ‘about the same as’ one kilogram

measuring the mass of an object in kilograms using an equal arm balance 

estimating and checking the number of similar objects that have a total mass of one kilogram

using the abbreviation for kilogram (kg)

recognising the need for a unit smaller than the kilogram 

measuring and comparing the masses of objects in kilograms and grams using a set of scales 

using the abbreviation for grams (g)

recognising that 1000 grams equal one kilogram

interpreting commonly used fractions of a kilogram including 
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 and relating these to the number of grams
	Working Mathematically

Students learn to

recognise that objects with a mass of one kilogram can be a variety of shapes and sizes (Reflecting)
interpret statements, and discuss the use of grams and kilograms, on commercial packaging (Communicating)
discuss strategies used to estimate mass eg by referring to a known mass (Communicating) 

question and explain why two students may obtain different measures for the same mass 
(Questioning, Communicating, Reasoning)
solve problems including those involving commonly used fractions of a kilogram (Applying Strategies)

	Background Information
	

	At this Stage, students should appreciate that a formal unit allows for easier and more accurate communication of mass measures and are introduced to the kilogram and gram.
	Students should develop an understanding of the size of these units, and estimate and measure using the units.

	Mass
	Stage 3

	MS3.4
	Key Ideas

	Selects and uses the appropriate unit and measuring device to find the mass of objects
	Recognise the need for tonnes

Convert between kilograms and grams and between kilograms and tonnes

Select and use the appropriate unit and device to measure mass

Record mass using decimal notation to three decimal places

	Knowledge and Skills

Students learn about

choosing appropriate units to measure mass

recognising the need for a unit larger than the kilogram

using the tonne to record large masses 
eg sand, soil, vehicles

using the abbreviation for tonne (t)

converting between kilograms and grams and between kilograms and tonnes

selecting and using the appropriate unit and device to measure mass 

recording mass using decimal notation to three decimal places eg 1.325 kg

relating the mass of one litre of water to one kilogram
	Working Mathematically

Students learn to

solve problems involving different units of mass 
eg find the total mass of three items weighing 50 g, 
750 g and 2.5 kg (Applying Strategies)
associate gram measures with familiar objects 
eg a standard egg has a mass of about 60 g (Communicating) 

find the approximate mass of a small object by establishing the mass of a number of that object  
eg ‘The stated weight of a box of chocolates is 250 g. If there are 20 chocolates in the box, what does each chocolate weigh?’ (Applying Strategies) 

	Background Information
	

	Gross mass is the mass of the contents and the container.

Nett mass is the mass of the contents only. 
	Local industry could provide a source for the study of measurement in tonnes eg weighbridges, cranes and hoists.

	Language
	

	‘Mass’ and’ weight’ have become interchangeable in everyday usage.
	

	Time
	Stage 2

	MS2.5
	Key Ideas

	Reads and records time in one-minute intervals and makes comparisons between time units
	Recognise the coordinated movements of the hands on a clock

Read and record time using digital and analog notation

Convert between units of time

Read and interpret simple timetables, timelines and calendars

	Knowledge and Skills

Students learn about

recognising the coordinated movements of the hands on an analog clock, including
-
how many minutes it takes for the minute hand to 

move from one numeral to the next
-
how many minutes it takes for the minute hand to  

complete one revolution  
-
how many minutes it takes for the hour hand to move  

from one numeral to the next 
-
how many minutes it takes for the minute hand 

to move from the twelve to any other numeral
-
how many seconds it takes for the second hand to 
complete one revolution  

associating the numerals 3, 6 and 9 with 15, 30 and 45 minutes and using the terms ‘quarter-past’ and ‘quarter-to’ 

identifying which hour has just passed when the hour hand is not pointing to a numeral

reading analog and digital clocks to the minute
eg 7:35 is read as ‘seven thirty-five’

recording digital time using the correct notation eg 9:15

relating analog notation to digital notation 
eg ten to nine is the same as 8:50  

converting between units of time 
eg  60 seconds = 1 minute

      60 minutes = 1 hour

          24 hours = 1 day

reading and interpreting simple timetables, timelines and calendars
	Working Mathematically

Students learn to

recall time facts eg 24 hours in a day 
(Communicating, Applying Strategies)
discuss time using appropriate language (Communicating)
solve a variety of problems using problem-solving strategies, including:
- trial and error
- drawing a diagram
- working backwards
- looking for patterns
- using a table (Applying Strategies, Communicating)
record in words various times as shown on analog and digital clocks (Communicating)
compare and discuss the relationship between time units eg an hour is a longer time than a minute (Communicating, Reflecting)

	Background Information
	

	Discuss with students the use of informal units of time and their use in other cultures, including the use of Aboriginal time units.
	A solar year actually lasts 365 days 5 hours 48 minutes and 45.7 seconds.

	Time
	Stage 3

	MS3.5
	Key Ideas

	Uses twenty-four hour time and am and pm notation in real-life situations and constructs timelines
	Convert between am/pm notation and 24-hour time

Compare various time zones in Australia, including during daylight saving

Draw and interpret a timeline using a scale

Use timetables involving 24-hour time

	Knowledge and Skills

Students learn about

using am and pm notation

telling the time accurately using 24-hour time 
eg ‘2330 is the same as 11:30 pm’

converting between 24-hour time and am or pm notation

determining the duration of events using starting and finishing times to calculate elapsed time 

using a stopwatch to measure and compare the duration of events

comparing various time zones in Australia, including during daylight saving 

reading, interpreting and using timetables from real-life situations, including those involving 24-hour time

determining a suitable scale and drawing a timeline using the scale

interpreting a given timeline using the scale
	Working Mathematically

Students learn to

explain where 24-hour time is used eg transport, armed forces, VCRs (Communicating, Reflecting)
select the appropriate unit to measure time and order a series of events according to the time taken to complete them (Applying Strategies)
determine the local times in various time zones in Australia (Applying Strategies)
use bus, train, ferry, and airline timetables, including those accessed on the Internet, to prepare simple travel itineraries (Applying Strategies)
use a number of strategies to solve unfamiliar problems, including:
-
trial and error
-
drawing a diagram
-
working backwards
-
looking for patterns
-
simplifying the problem 
-  using a table
    (Applying Strategies, Communicating)

	Background Information
	

	Australia is divided into three time zones. Time in Queensland, New South Wales, Victoria and Tasmania is Eastern Standard Time (EST), time in South Australia and the Northern Territory is half an hour behind EST, and time in Western Australia is two hours behind EST. 

The terms ‘am’ and ‘pm’ are used only for the digital form of time recording and not with the ‘o’clock’ terminology. 

The abbreviation am stands for the Latin words ‘ante meridiem’ that means ‘before midday’. The abbreviation pm stands for ‘post meridiem’ which means ‘after midday’.
	Midday and midnight need not be expressed in am or pm form. ‘12 noon’, or ‘12 midday’ and ‘12 midnight’ should be used, even though 12:00 pm and 12:00 am are sometimes seen. 

It is important to note that there are many different ways of recording dates, including abbreviated forms. Different notations for dates are used in different countries eg 8th December 2002 is recorded as 8.12.02 in Australia but as 12.8.02 in America.




	Time
	Stage 4

	MS4.3
	Key Ideas

	Performs calculations of time that involve mixed units
	Perform operations involving time units

Use international time zones to compare times

Interpret a variety of tables and charts related to time

	Knowledge and Skills

Students learn about

adding and subtracting time mentally using bridging strategies eg from 2:45 to 3:00 is 15 minutes and from 3:00 to 5:00 is 2 hours, so the time from 2:45 until 5:00 is 15 minutes + 2 hours = 2 hours 15 minutes 

adding and subtracting time with a calculator using the ‘degrees, minutes, seconds’ button

rounding calculator answers to the nearest minute or hour 

interpreting calculator displays for time calculations 
eg 2.25 on a calculator display for time means 2
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hours

comparing times and calculating time differences between major cities of the world eg ‘Given that London is 10 hours behind Sydney, what time is it in London when it is 6:00 pm in Sydney?’

interpreting and using tables relating to time 
eg tide charts, sunrise/sunset tables, bus, train and airline timetables, standard time zones
	Working Mathematically

Students learn to

plan the most efficient journey to a given destination involving a number of connections and modes of transport (Applying Strategies)
ask questions about international time relating to everyday life eg whether a particular soccer game can be watched live on television during normal waking hours (Questioning)
solve problems involving calculations with mixed time units eg ‘How old is a person today if he/she was born on 30/6/1989?’ (Applying Strategies)

	Background Information
	

	Time has links with work on rates involving time eg speed.

The calculation of time can be done on a scientific calculator and links with fractions and decimals.

This topic could be linked to the timing of track and swimming events in the PDHPE syllabus.


	The Babylonians thought that the Earth took 360 days to travel around the Sun (last centuries BC). This is why there are 360º in one revolution and hence 90º in one right angle. There are 60 minutes (60') in one hour and 60 minutes in one degree. The word ‘minute’ (meaning ‘small’) and minute (time measure), although pronounced differently, are really the same word. A minute (time) is a minute (small) part of one hour. A minute (angle) is a minute (small) part of a right angle.


	Trigonometry
	Stage 5.1

	MS5.1.2
	Key Ideas

	Applies trigonometry to solve problems (diagrams given) including those involving angles of elevation and depression
	Use trigonometry to find sides and angles in right-angled triangles

Solve problems involving angles of elevation and angles of depression from diagrams

	Knowledge and Skills

Students learn about

Trigonometric Ratios of Acute Angles

· identifying the hypotenuse, adjacent and opposite sides with respect to a given angle in a right-angled triangle in any orientation

· labelling the side lengths of a right-angled triangle in relation to a given angle eg the side c is opposite angle C
· recognising that the ratio of matching sides in similar right-angled triangles is constant for equal angles 

· defining the sine, cosine and tangent ratios for angles in right-angled triangles

· using trigonometric notation eg sin A
· using a calculator to find approximations of the trigonometric ratios of a given angle measured in degrees

· using a calculator to find an angle correct to the nearest degree, given one of the trigonometric ratios of the angle

Trigonometry of Right-Angled Triangles

· selecting and using appropriate trigonometric ratios in right-angled triangles to find unknown sides, including the hypotenuse 

· selecting and using appropriate trigonometric ratios in right-angled triangles to find unknown angles correct to the nearest degree 

· identifying angles of elevation and depression

· solving problems involving angles of elevation and depression when given a diagram
	Working Mathematically

Students learn to

· label sides of right-angled triangles in different orientations in relation to a given angle 
(Applying Strategies, Communicating)

· explain why the ratio of matching sides in similar right-angle triangles is constant for equal angles (Communicating, Reasoning)

· solve problems in practical situations involving right-angled triangles eg finding the pitch of a roof 
(Applying Strategies)
· interpret diagrams in questions involving angles of elevation and depression (Communicating)
· relate the tangent ratio to gradient of a line (Reflecting)

	Background Information
	

	The definitions of the trigonometric ratios rely on the angle test for similarity, and trigonometry is, in effect, automated calculations with similarity ratios. The topic is thus strongly linked with ratio and with scale drawing.

The fact that the other angles and sides of a right-angled triangle are completely determined by giving two other measurements is justified by the four standard congruence tests.

Trigonometry has practical and analytical applications in surveying, navigation, meteorology, architecture, engineering and electronics.
	Trigonometry is introduced through similar triangles with students calculating the ratio of two sides and realising that this remains constant for a given angle.

It is important to emphasise real-life applications of trigonometry eg building construction and surveying. 

Emphasis should be placed on correct pronunciation of sin as ‘sine’.

The origin of the word ‘cosine’ is from ‘complements sine’, so that cos 40( = sin 50(.

	Language
	

	The word trigonometry is derived from two Greek words meaning ‘triangle’ and ‘measurement’.
	


	Trigonometry
	Stage 5.2

	MS5.2.3
	Key Ideas

	Applies trigonometry to solve problems including those involving bearings
	Solve further trigonometry problems including those involving three-figure bearings

	Knowledge and Skills

Students learn about

Further Trigonometric Ratios of Acute Angles

· using a calculator to find trigonometric ratios of a given approximation for angles measured in degrees and minutes

· using a calculator to find an approximation for an angle in degrees and minutes, given the trigonometric ratio of the angle

Further Trigonometry of Right-Angled Triangles

· finding unknown sides in right-angled triangles where the given angle is measured in degrees and minutes

· using trigonometric ratios to find unknown angles in degrees and minutes in right-angled triangles 

· using three-figure bearings (eg 035º, 225º) and compass bearings eg SSW

· drawing diagrams and using them to solve word problems which involve bearings or angles of elevation and depression


	Working Mathematically

Students learn to

· solve simple problems involving three-figure bearings (Applying Strategies, Communicating)
· recognise directions given as SSW, NE etc (Communicating)
· solve practical problems involving angles of elevation and depression (Applying Strategies)
· check the reasonableness of answers to trigonometry problems (Reasoning)
· interpret directions given as bearings (Communicating)
· find the angle between a line with a positive gradient and the x -axis in the coordinate plane by using a right-angled triangle formed by the rise and the run, from the point where the line cuts the x -axis to another point on the line (Reasoning, Reflecting)

	Background Information
	

	The tangent ratio can be interpreted as the gradient of a line in the coordinate plane.

Students studying circle geometry in the Space and Geometry strand will be able to apply their trigonometry to many problems, making use of the right-angles between a chord and a radius bisecting it, between a tangent and a radius at the point of contact, and in a semicircle.

The work with bearings links to orienteering in PDHPE and map work in Stage 5 Geography.
Students could have practical experience in using clinometers for finding angles of elevation and depression and in using magnetic compasses for bearings.


	Students may need encouragement to set out their solutions carefully and to use the correct mathematical language and suitable diagrams. 

Students need to recognise the 16 points of a mariner’s compass (eg SSW) for comprehension of compass bearings in everyday life eg weather reports.

When setting out their solutions related to finding unknown lengths and angles, students should be advised to give a simplified exact answer eg 25 sin 42º metres or 
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, then give an approximation correct to a specified or sensible level of accuracy.

	Language
	

	The language of bearings needs to be taught explicitly eg the meaning of the word ‘of’ can be different depending on the question.
	


	§ Trigonometry
	Stage 5.3

	§ MS5.3.2
	Key Ideas

	Applies trigonometric relationships, sine rule, cosine rule and area rule in problem solving
	Determine the exact trigonometric ratios for 30(, 45(, 60(
Apply relationships in trigonometry for complementary angles and tan in terms of sin and cos

Determine trigonometric ratios for obtuse angles

Sketch sine and cosine curves

Explore trigonometry with non-right-angled triangles: sine rule, cosine rule and area rule

Solve problems involving more than one triangle using trigonometry

	Knowledge and Skills

Students learn about

Further Trigonometry with Right-Angled Triangles

· proving and using the relationship between the sine and cosine ratios of complementary angles in right-angled triangles
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· proving that the tangent ratio can be expressed as a ratio of the sine and cosine ratios
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· determining and using exact sine, cosine and tangent ratios for angles of 30°, 45°, and 60° 

The Trigonometric Ratios of Obtuse Angles

· establishing and using the following relationships for obtuse angles, where 
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· drawing the sine and cosine curves for at least 
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· finding the possible acute and/or obtuse angles, given a trigonometric ratio 

The Sine and Cosine Rules and the Area Rule

· proving the sine rule: In a given triangle ABC, the ratio of a side to the sine of the opposite angle is a constant.
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· using the sine rule to find unknown sides and angles of a triangle, including in problems in which there are two possible solutions for an angle
· proving the cosine rule: In a given triangle ABC
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	Working Mathematically

Students learn to

· solve problems using exact trigonometric ratios for 30º, 45º and 60º (Applying Strategies) 

· solve problems, including practical problems, involving the sine and cosine rules and the area rule eg problems related to surveying or orienteering 
(Applying Strategies)

· use appropriate trigonometric ratios and formulae to solve two-dimensional trigonometric problems that require the use of more than one triangle, where the diagram is provided, and where a verbal description is given (Applying Strategies)

· recognise that if given two sides and an angle (not included) then two triangles may result, leading to two solutions when the sine rule is applied

    (Reasoning, Reflecting, Applying Strategies)
· explain what happens if the sine, cosine and area rules are applied in right-angled triangles (Reasoning)
· ask questions about how trigonometric ratios change as the angle increases from 0( to 180( (Questioning)
· recognise that if sin
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 ≥ 0 then there are two possible values for A, given 0º ≤ A ≤ 180º
(Applying Strategies, Reasoning)
· find the angle of inclination, θ, of a line in the coordinate plane by establishing and using the relationship gradient = tan θ (Reasoning, Reflecting)


	§ Trigonometry (continued)
	Stage 5.3

	· using the cosine rule to find unknown sides and angles of a triangle
· proving and using the area rule to find the area of a triangle: In a given triangle ABC
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· drawing diagrams and using them to solve word problems that involve non-right-angled triangles

	

	Background Information
	

	The origin of the word ‘cosine’ is from ‘complements sine’, so that cos 40( = sin 50º.

The sine and cosine rules and the area rule are closely linked with the standard congruence tests for triangles.  These are the most straightforward ways to proceed:

Given an SAS situation, use the cosine rule to find the third side.  

Given an SSS situation, use the alternative form of the cosine rule to find an angle.  

Given an AAS situation, use the sine rule to find each unknown side.  

Given an ambiguous ASS situation (the angle non-included), use the sine rule to find the sine of the unknown angle opposite the known side - there may then be two solutions for this angle.  Alternatively, use the cosine rule to form a quadratic equation for the unknown side.  

The cosine rule is a generalisation of Pythagoras’ theorem.  The sine rule is linked to the circumcircle and to circle geometry.

The definitions of the trigonometric functions in terms of a circle provide the link between Cartesian and polar coordinates. Note that the angle concerned is turned anti-clockwise from the positive 
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-axis (East). This is not the same as the angle used in navigation (clockwise from North).

The formula gradient = tan θ is a formula for gradient in the coordinate plane.

Circle geometry and the trigonometric functions are closely linked.  First, Pythagoras’ theorem becomes the equation of a circle in the coordinate plane, and such a circle is used to define the trigonometric functions for general angles.  Secondly, the sine and cosine rules are closely linked with the circle geometry theorems concerning angles at the centre and circumference and cyclic quadrilaterals.  Many formulae relating the sides, diagonals, angles and area of cyclic quadrilaterals are now accessible.

The trigonometric functions here could be redefined for the general angle using a circle in the coordinate plane - this allows the sine and cosine functions to be plotted for a full revolution and beyond so that their wave nature becomes clear.  The intention, however, of this section is for students to become confident using the sine and cosine rules and area rule in practical situations.  For many students it is therefore more appropriate to justify the extension of the trigonometric functions to obtuse angles only, either by plotting the graphs and continuing them in the obvious way, or by taking the identities for 180º – θ as definitions.  Whatever is done, experimentation with the calculator should be used to confirm this extension.  
	Students are not expected to reproduce proofs of the sine, cosine and area rules. 

Students at this level should realise that when the triangle is right-angled, the cosine rule becomes Pythagoras’ theorem, the area formula becomes the simple ‘half base times perpendicular height’ formula, and the sine rule becomes a simple application of the sine function in a right-angled triangle.  

Students studying circle geometry will be able to apply their trigonometry to many problems in circles involving non-right-angled triangles, making use of the supplementary angles at opposite vertices of a cyclic quadrilateral, the equal angles in the same segment, and the alternate segment theorem.

The graphs of the trigonometric functions mark the transition from understanding trigonometry as the study of lengths and angles in triangles (as the word trigonometry implies) to the study of waves, as will be developed in the Stage 6 calculus courses.  Waves are fundamental to a vast range of physical and practical phenomena, like light waves and all other electromagnetic waves, and to periodic phenomena like daily temperatures and fluctuating sales over the year, and the major importance of trigonometry lies in the study of these waves. 

Brahmagupta, an Indian mathematician and astronomer (c. 598–665 AD), showed that the area of a cyclic quadrilateral is 
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, where a, b, c and d are the lengths of the sides of the cyclic quadrilateral and s is the semiperimeter 
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This is a generalisation of Heron’s formula for the area of a triangle mentioned in MS4.1, as can be seen by putting d=0 so that the quadrilateral becomes a triangle.  

The unit circle is part of the history of trigonometry and explains the derivations of the terms sine, cosine and tangent. A semi-chord in a unit circle subtending at the centre an angle of θ, has length sin θ and is distant cos θ from the centre. The table of values of the sine function was originally called a table of semi-chords. A tangent subtending an angle θ at the centre of a unit circle has length tan θ and hence the name tan for this function.
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